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Abstract
Bing doubling is an operation which gives a satellite of a knot. It is also applied to a link
by specifying a component of the link. We give a formula to compute the reduced colored
Jones polynomial of a Bing double by using that of the companion. This formula enables
us to compute a lot of examples of the reduced colored Jones polynomial of Bing doubles.
Moreover, from this formula we can derive a divisibility property of the unified Witten-
Reshetikhin-Turaev invariant of integral homology spheres obtained by±1-surgery along
Bing doubles of knots. This result is applied to the Witten-Reshetikhin-Turaev invariant
and the Ohtsuki series of these integral homology spheres.
1 Introduction
Bing doubling [1] is an operation which gives the satellite B(K) of a framed knot K as
in Figure 1, i.e., B(K) is the 2-component link obtained from K by duplicating along
its framing and making the clasps on it.
Bing doubling has been studied in the context of link concordance [2, 3, 4, 5, 7, 10, 11].
Bing doubling is also important in the study of Milnor’s µ¯ invariants [6] and finite type
invariants of knots [13]. Some of classical invariants such as the multivariable Alexander
polynomial and the Arf invariant are useless in the study of Bing doubles since those
cannot distinguish iterated Bing doubles from unlink. Cimasoni [2] used Rasmussen
invariant and Cha, Livingston and Ruberman [5] used the Ozva´th-Szabo´ invariant and
the Manolescu-Owens invariant to study Bing doubles. Cochran and Melvin [8] used
the quantum SO(3) invariant [14] to study the Milnor degree of 3-manifolds which are
obtained from S3 by surgery along iterated Bing doubles of the Hopf link.
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K = B(K) =
Figure 1: The trefoil knot K with 4-framing and its Bing double B(K)
1
Our interest here is in the relationship between Bing doubling and quantum invari-
ants, especially the reduced colored Jones polynomial of links and the unified Witten
Reshetikhin Turaev (WRT) invariant of integral homology spheres.
The colored Jones polynomial JL;W1,...,Wn ∈ Z[q
1/4, q−1/4] is one of quantum invari-
ants, which is defined for a framed link L = L1∪· · ·∪Ln with the ith component colored
by a finite dimensional representation Wi of the quantized enveloping algebra Uh(sl2)
of the Lie algebra sl2.
Habiro [12] defined the reduced colored Jones polynomial JL;P ′
l1
,...,P ′
ln
∈ Q(q
1
2 ) for
a framed link L = L1 ∪ · · · ∪ Ln with the ith component colored by an element P
′
li
in the representation ring of Uh(sl2) over Q(q
1
2 ). By using the reduced colored Jones
polynomial, he constructed the unifiedWRT invariant JM ∈ Ẑ[q] of an integral homology
sphere M , where Ẑ[q] is so-called Habiro ring. For each root of unity ζ, we obtain the
SU(2) WRT invariant τζ(M) ∈ Z[ζ] from JM by evaluating q = ζ. Here, for integral
homology spheres, the SU(2) WRT invariant is equal to the quantum SO(3) invariant
which is defined for each root of unity of odd order ≥ 3. We can obtain also the Ohtsuki
series τO(M) ∈ Z[[q − 1]] from JM by taking the power series expansion at q = 1. See
Sections 2.1 and 2.2 for the definitions of the reduced colored Jones polynomial and the
unified WRT invariant.
In [12], Habiro proved that JL;P˜ ′l1 ,...,P˜
′
ln
for an n-component, algebraically-split, 0-
framed link is contained in a certain ideal Z
(l1,...,ln)
a ⊂ Z[q, q−1], where P˜ ′l is a certain
normalization of P ′l . In [20, 21, 22], the author improved his result in the cases of
Brunnian links, ribbon links, and boundary links, i.e., we proved that JL;P˜ ′l1 ,...,P˜
′
ln
for
an n-component, 0-framed Brunnian link is contained in an ideal Z˜
(l1,...,ln)
Br ⊂ Z
(l1,...,ln)
a ,
and JL;P˜ ′l1 ,...,P˜
′
ln
for an n-component, 0-framed ribbon or boundary link is contained in
an ideal Z
(l1,...,ln)
r,b ⊂ Z˜
(l1,...,ln)
Br . These results were proved by using the universal sl2
invariant of bottom tangles. In [23], the author also proved that the ideals Z˜
(l1,...,ln)
Br
and Z
(l1,...,ln)
r,b are principal, and gave the generators of these ideals. (In [22, 23], there
appears another ideal Z
(l1,...,ln)
Br ⊂ Z[q, q
−1] such that Z˜
(l1,...,ln)
Br = Z
(l1,...,ln)
Br ∪Z
(l1,...,ln)
a .)
For a framed link L = L1 ∪ · · · ∪ Ln, we denote by B(L; 1) the (n + 1)-component
link obtained from L by applying Bing doubling to L1. It is not difficult to see that
the reduced colored Jones polynomial of B(L; 1) is a linear combination of those of L
(Lemma 3.1), i.e., we have
JB(L;1);P ′i ,P ′j ,P ′l2 ,...,P
′
ln
=
∑
l≥0
x
(l)
i,jJL;P ′l ,P ′l2 ,...,P
′
ln
for certain x
(l)
i,j ∈ Q(q
1
2 ).
One of two main results in this paper is Theorem 3.2, which gives the coefficients
x
(l)
i,j explicitly. This result gives many examples of computations of the reduced colored
Jones polynomials of Bing doubles.
The other main result is Theorem 3.4, which says a divisibility property of the dif-
ference JM(B(K);ǫ,ǫ′))−JM of unified WRT invariants, whereM is an integral homology
sphere and K is a 0-framed knot in M , and M(B(K); ǫ, ǫ′) is the integral homology
2
sphere obtained from M by surgery along the Bing double B(K) with ǫ, ǫ′ ∈ {±1}
framings. This result is applied to prove some improvements of Habiro’s results in [12]
for the WRT invariant and the Ohtsuki series of integral homology spheres.
The rest of the paper is organized as follows. In Section 2, we recall the definitions
of the reduced colored Jones polynomial and the unified WRT invariant. In Section 3,
we give the main results. In Section 4, we study the coefficients x
(l)
i,j ∈ Q(q
1
2 ) further. In
Section 5, we compute some of the reduced colored Jones polynomials of Milnor’s link
as in Figure 4, which is obtained from the Borromean rings by applying Bing doubling
repeatedly. Section 6 is devoted to the proofs.
2 Preliminaries
In this section, we recall from [12] the definition of the reduced colored Jones polynomial
and the unified WRT invariant.
We use the following q-integer notations:
{i} = qi/2 − q−i/2, {i}n = {i}{i− 1} · · · {i− n+ 1},
{n}! = {n}n,
[
i
n
]
= {i}n/{n}!,
for i ∈ Z, n ≥ 0.
2.1 Reduced Colored Jones polynomial
The colored Jones polynomial JL;W1,...,Wn ∈ Z[q
1/4, q−1/4] is defined for an n-component
framed link L with the ith component Li colored by a finite dimensional representation
Wi of the quantized enveloping algebra Uh(sl2) of the Lie algebra sl2. In this paper, we
follow [12] for the definition of colored Jones polynomial. The reduced colored Jones
polynomial is defined as a linear combination of the colored Jones polynomial as follows.
For m ≥ 0, let Vm denote the (m + 1)-dimensional irreducible representation of
Uh(sl2). Let R denote the representation ring of Uh(sl2) over Q(q
1
2 ), i.e., R is the
Q(q
1
2 )-algebra
R = Span
Q(q
1
2 )
{Vm | m ≥ 0}
with the multiplication induced by the tensor product.
We define the colored Jones polynomial of an n-component framed link L with the
ith component Li colored by Xi =
∑
li≥1
a
(i)
li
Vli ∈ R by
JL;X1,...,Xn =
∑
l1,...,ln≥1
a
(1)
l1
· · · a
(n)
ln
JL;Vl1 ,...,Vln ∈ Q(q
1
2 ).
For l ≥ 0, set
P ′l =
1
{l}!
l−1∏
i=0
(V1 − q
i+ 1
2 − q−i−
1
2 ) ∈ R.
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For an n-component framed link L, we call JL;P ′
l1
,...,P ′
ln
the reduced colored Jones
polynomial of L.
2.2 Unified WRT invariant
For k ≥ 0, set
Pk = SpanZ[q,q−1]{q
− 1
4
l(l−1)P ′l | l ≥ k} ⊂ R,
Set
Pˆ = lim
←−
k≥0
P0/Pk.
Set
ω±1 =
∞∑
l=0
(±1)lq±
1
4
l(l+3)P ′l ∈ Pˆ .
Let Ẑ[q] be the Habiro ring, i.e.,
Ẑ[q] = lim
←−
n≥0
Z[q]/((1− q)(1 − q2) · · · (1− qn)).
Let M be the integral homology sphere obtained by surgery along an algebraically-
split link L = L1∪· · ·∪Ln in S
3 with framings ǫ1, . . . , ǫn ∈ {±1}. Habiro [12] constructed
the unified WRT invariant JM ∈ Ẑ[q] of M by
JM = JL0;ω−ǫ1 ,...,ω−ǫn
:=
∞∑
l1,...,ln=0
( ∏
i=1,...,n
(−ǫi)
liq−ǫi
1
4
li(li+3)
)
JL0;P ′l1 ,...,P
′
ln
∈ Ẑ[q],
where L0 is the link obtained from L by changing all framings to 0.
For an integral homology sphere M and a root of unity ζ, let τζ(M) ∈ Z[ζ] be the
WRT invariant [19] at ζ. Let evζ : Ẑ[q]→ Z[ζ] be the evaluation map. For each root of
unity, the WRT invariant is obtained from the unified WRT invariant as follows.
Theorem 2.1 (Habiro [12]). Let M be an integral homology sphere. For each root of
unity ζ, we have
evζ(JM ) = τζ(M).
For an integral homology sphere M , let τO(M) denote the Ohtsuki series [16] and
ı(JM ) ∈ Z[[q − 1]] denote the power series expansion of JM at q = 1.
Theorem 2.2 (Habiro [12]). For an integral homology sphere M , we have
ı(JM ) = τ
O(M).
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3 Main results
In this section, we give the main results of this paper for the reduced colored Jones
polynomial (Theorem 3.2) and the unified WRT invariant (Theorem 3.4). We give also
applications to the WRT invariant (Proposition 3.10) and the Ohtsuki series (Proposi-
tion 3.12).
3.1 Result for the reduced colored Jones polynomial
It is known that the colored Jones polynomial of a satellite is a linear combination of
the colored Jones polynomials of the companion [18, 15]. The following lemma says that
a similar situation works for the reduced colored Jones polynomials of Bing doubles.
Lemma 3.1. There exists x
(l)
i,j ∈ Q(q
1/2), i, j, l ≥ 0, such that
JB(L;1);P ′i ,P ′j ,W1,...,Wn−1 =
∑
l≥0
x
(l)
i,jJL;P ′l ,W1,...,Wn−1 ,
for any n-component framed link L = L1 ∪ · · · ∪ Ln and W1, . . . ,Wn−1 ∈ R.
Proof. For simplicity, we prove the claim for n = 1, i.e., L = K is a framed knot. We
can prove the assertion for n ≥ 2 similarly. Since {Vl}l≥0 is a basis of R, the colored
Jones polynomial JB(K);P ′i ,P ′j is a linear sum of colored Jones polynomials JB(K);Vt,Vu
in R. Since the colored Jones polynomial JB(K);Vt,Vu is a linear sum of colored Jones
polynomials JK;Vs in Z[q
1/2, q−1/2] (cf. [15, Theorem 3.1]), and since {P ′l }l≥0 is also
a basis of R, JB(K);Vt,Vu is a linear sum of colored Jones polynomials JK;P ′l in R.
Consequently, JB(K);P ′i ,P ′j is a linear sum of JK;P ′l in R. Moreover, in each step, the
coefficients of the linear sum do not depend on the knotK. Hence we have the assertion.
One of our main results is the following, which we prove in Section 6.1.
Theorem 3.2. For i, j, l ≥ 0, we have
x
(l)
i,j = δi,j(−1)
i{l}!αi,l, (1)
where
αi,l =
i∑
k=0
(−1)k
[
2i+ 1
k
] [
2i+ l− 2k + 1
2l + 1
]
.
Theorem 3.2 enables us to compute many examples of the reduced colored Jones
polynomial of Bing doubles. Especially in Section 5, we give examples with Milnor’s
links, which are obtained from the Borromean rings by applying Bing doubling repeat-
edly. Moreover, from Theorem 3.2 we can derive a divisibility property of the unified
WRT invariant as in the following section.
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3.2 Result for the unified WRT invariant
For m ≥ 1, let Φm =
∏
d|m(q
d − 1)µ(
m
d ) ∈ Z[q] denote the mth cyclotomic polynomial,
where
∏
d|m denotes the product over all the positive divisors d of m, and µ is the
Mo¨bius function.
Let M be an integral homology sphere, and L = L1 ∪ · · · ∪Ln an algebraically-split
link in M . For ǫ1, . . . , ǫn ∈ {±1}, let M(L; ǫ1, . . . , ǫn) denote the integral homology
sphere obtained from M by surgery along L with framings ǫ1, . . . , ǫn.
In what follows, two integral homology spheres M and M ′ are said to be related by
a special Bing double surgery if there is a 0-framed knot K in M and signs ǫ, ǫ′ ∈ {±1}
such that M(B(K); ǫ, ǫ′) is orientation-preserving homeomorphic to M ′.
Remark 3.3. Note that M(B(K); ǫ, ǫ′) = M(Wǫ′(K), ǫ), where Wǫ′(K) is the White-
head double of K with a clasp of ǫ′-type.
The other main result in this paper is the following, which we prove in Section 6.2.
Theorem 3.4. Let M and M ′ be integral homology spheres related by a special Bing
double surgery. Then we have
JM ′ − JM ∈ Φ
2
1Φ
2
2Φ3Φ4Φ6Ẑ[q] = (q
4 − 1)(q6 − 1)Ẑ[q]. (2)
In particular, if M = S3, then we have
JM ′ − 1 ∈ Φ
2
1Φ
2
2Φ3Φ4Φ6Ẑ[q].
Remark 3.5. Note that Theorem 3.4 implies (2) for integral homology spheres M
and M ′ related by a sequence of special Bing double surgeries, i.e., when there is a
sequence M = M1,M2, . . . ,Ml = M
′ of integral homology spheres such that for each
i = 1, . . . , l− 1, Mi and Mi+1 are related by a special Bing double surgery.
Remark 3.6. Habiro’s result [12, Proposition 12.15] implies that for integral homology
spheres M and M ′ with the same Casson invariant, we have
JM ′ − JM ∈ Φ
2
1Φ2Φ3Φ4Φ6Ẑ[q] = (q − 1)(q
2 + 1)(q6 − 1)Ẑ[q]. (3)
Since M ′ and M in Theorem 3.4 has the same Casson invariant, Theorem 3.4 is an
improvement of his result with respect to Φ2.
Remark 3.7. In [9], Cochran and Melvin introduced the quantum p-order op(M) for
a prime p and a 3-manifold M , which is the p-order of the quantum SO(3) invariant
τ
SO(3)
ζp
(M) ∈ Q(ζp) associated with a primitive pth root of unity ζp. Here, the p-
order of an element g in the cyclotomic field Q(ζp) is the exponent of the prime ideal
(ζp − 1) ⊂ Z[ζp] in the prime decomposition of the fractional ideal generated by g.
For prime p > 3, they [8, Section 3] proved that
oˆp(S
3(B(L; 1); 0, 0, f2, . . . , fn)) = oˆp(S
3(L; 0, f2, . . . , fn)) + 1
for an n-component link L and integers f2, . . . , fn, where oˆp = op ·
2
(p−3) is a rescaling
version of op. Though Theorem 3.4 appears to say nothing about the quantum p-order
of S3(B(K); ǫ, ǫ′), Theorem 3.2 could be applied to study the quantum p-order of 3-
manifolds obtained from S3 by surgery along Bing doubles with arbitrary framings.
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Figure 2: Borromean rings B
There is a family of examples of integral homology spheres which do not have the
divisibility property in Theorem 3.4 as follows.
Let B be the Borromean rings depicted in Figure 2 and B1, B2, B3 the components
of B. For i, j, k ∈ Z, let Mi,j,k be the integral homology sphere obtained from S
3 by
surgery along B1, B2, B3 with framings −1/i, −1/j, −1/k, respectively.
We prove the following proposition in Section 6.3.
Proposition 3.8. For i, j, k ∈ Z, we have
JMi,j,k − 1 ≡ 6ijkΦ2 (modΦ
2
2).
Note that the Casson invariant of Mi,j,k is −6ijk. It appears to be natural to raise
the following conjecture.
Conjecture 3.9. For integral homology spheres M and M ′ with the same Casson in-
variant, we have
JM ′ − JM ∈ Φ
2
1Φ
2
2Φ3Φ4Φ6Ẑ[q].
3.3 Applications to the WRT invariant
From Theorem 3.4 by substituting a root of unity ζ for q, we obtain the following result
for the WRT invariant.
Proposition 3.10. Let M and M ′ be integral homology spheres related by a special
Bing double surgery. For any root of unity ζ, we have
τζ(M
′)− τζ(M) ∈ (ζ
4 − 1)(ζ6 − 1)Z[ζ].
Proposition 3.10 improves the result obtained from Habiro’s result (3) by substituting
ζ for q, in the case of ζ = ζ2pe as follows. Here, ζ2pe denotes a primitive 2p
eth root of
unity for a prime p and an integer e ≥ 0.
Corollary 3.11. Let M and M ′ be integral homology spheres related by a special Bing
double surgery.
(i) For e ≥ 0, we have
τζ2e (M
′)− τζ2e (M) ∈ (ζ
4
2e − 1)(ζ
2
2e − 1)Z[ζ2e ].
(ii) For e ≥ 0, we have
τζ2·3e (M
′)− τζ2·3e (M) ∈ (ζ2·3e + 1)
2(ζ22·3e − ζ2·3e + 1)Z[ζ2·3e ].
(iii) For a prime p > 3 and e ≥ 0, we have
τζ2pe (M
′)− τζ2pe (M) ∈ (ζ2pe + 1)
2Z[ζ2pe ].
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3.4 Applications to the Ohtsuki series
Theorem 3.4 can also be applied to the Ohtsuki series as follows.
For an integral homology sphere M , we write
τO(M) = ı(JM ) = 1 +
∑
i≥1
λi(M)~
i ∈ Z[[~]],
where we set ~ = (q − 1).
For integral homology spheres M,M ′, set
Λk(M,M
′) = λk(M
′)− λk(M)
for k ≥ 1. Note that Λk(S
3,M ′) = λk(M
′).
For integral homology spheres M and M ′ with the same Casson invariant, Habiro’s
result [12, Proposition 12.28] implies
k∑
i=0
biΛk−i+2(M,M
′) ≡ 0 (modZ)
for k ≥ 0 and a certain series bi ∈ Z[
1
6 ] with b0 = 1/12.
We can improve his result as follows.
Proposition 3.12. Let M and M ′ be integral homology spheres related by a special
Bing double surgery. For k ≥ 0, we have
k∑
i=0
ciΛk−i+2(M,M
′) ≡ 0 (modZ), (4)
where c0 = 1/24, c1 = −1/8, c2 = 59/288, c3 = −17/72, . . . ∈ Z[
1
6 ] are determined by∑
i≥0
ci~
i =
1
(q + 1)2(q2 + q + 1)(q2 + 1)
=
1
24 + 72~+ 98~2 + 76~3 + 35~4 + 9~5 + ~6
.
In particular, for k ≥ 2, Λk+2(M,M
′) (mod 24) is determined by Λi(M,M
′) for i =
2, . . . , k.
Proof. The proof is similar to that of [12, Proposition 12.16] if we use Theorem 3.4
instead of [12, Proposition 12.14] and Λi instead of λi. The latter part follows from
c0 = 1/24 and c2 = −1/8 ∈ (1/24)Z.
Remark 3.13. In [24, Corollary 4.1], Takata determined the image of λk, k = 1, . . . , 6,
for integral homology spheres. The congruence relations (4) for M = S3, k = 1, . . . , 6,
can be derived also from her result. Note that the relation (v) in [24, Corollary 4.1]
contains an error which can be corrected by using [24, Theorem 3.1].
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4 Properties of the coefficients x
(l)
i,j in Theorem 3.2.
In this section, we study the coefficients x
(l)
i,j = δi,j(−1)
i{l}!αi,l which appears in Theo-
rem 3.2.
4.1 Symmetry property
The element αm,n has a symmetry property as follows, which we prove in Section 6.1.
Lemma 4.1. For m,n ≥ 0, we have
αm,n =
{2m+ 1}!
{2n+ 1}!
αn,m.
Corollary 4.2. For m,n ≥ 0, we have
x(n)m,m = (−1)
m+n {2m+ 1}!{n}!
{2n+ 1}!{m}!
x(m)n,n .
Proof. By (1) and Lemma 4.1, we have
x(n)m,m = (−1)
m{n}!αm,n
= (−1)m{n}!
{2m+ 1}!
{2n+ 1}!
αn,m
= (−1)m{n}!
{2m+ 1}!
{2n+ 1}!
(
(−1)n
1
{m}!
x(m)n,n
)
= (−1)m+n
{2m+ 1}!{n}!
{2n+ 1}!{m}!
x(m)n,n .
Hence we have the assertion.
4.2 Particular values
For m,n ≥ 0, note that
αm,n =
⌊m− n
2
⌋∑
k=0
(−1)k
[
2m+ 1
k
] [
2m+ n− 2k + 1
2n+ 1
]
, (5)
where the upper bound comes from[
2m+ n− 2k + 1
2n+ 1
]
= 0
for 2m+ n− 2k + 1 < 2n+ 1, i.e., for k > m− n/2.
We can compute particular values of αm,n as follows.
Proposition 4.3. We have
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(i) αm,n = 0 unless
n
2 ≤ m ≤ 2n,
(ii) αm,2m = 1 for m ≥ 0, and
(iii) αm,2m−1 = {4m}/{1} for m ≥ 0.
Proof. The assertion (i) follows from (5) and Lemma 4.1.
The assertion (ii) follows from
αm,2m =
0∑
k=0
(−1)k
[
2m+ 1
k
] [
4m− 2k + 1
4m+ 1
]
=
[
2m+ 1
0
] [
4m+ 1
4m+ 1
]
= 1.
The assertion (iii) follows from
αm,2m−1 =
0∑
k=0
(−1)k
[
2m+ 1
k
] [
4m− 2k
4m− 1
]
=
[
2m+ 1
0
] [
4m
4m− 1
]
=
[
4m
1
]
= {4m}/{1}.
This completes the proof.
Proposition 4.3 implies the following.
Corollary 4.4. We have
(i) x
(n)
m,m = 0 unless
n
2 ≤ m ≤ 2n,
(ii) x
(2m)
m,m = (−1)m{2m}! for m ≥ 0, and
(iii) x
(2m−1)
m,m = (−1)m{2m− 1}!{4m}/{1} for m ≥ 0.
4.3 Divisibility property with respect to the cyclotomic polyno-
mials
Let us study the divisibility property of αm,n and x
(m)
n,n with respect to the cyclotomic
polynomials. In what follows, we use also the symmetric version of the cyclotomic
polynomial Φ˜l =
∏
d|l(q
d/2−q−d/2)µ(
l
d ) ∈ Z[q1/2, q−1/2] for l ≥ 1. For f ∈ Z[q1/2, q−1/2],
f 6= 0, let dl
(
f
)
be the largest integer i such that f ∈ Φ˜ilZ[q
1/2, q−1/2].
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Lemma 4.5. For l ≥ 1 and n ≥ 0, we have
dl({n}!) = ⌊
n
l
⌋.
Proof. The assertion follows from
dl
(
{i}
)
= dl(q
i/2 − q−i/2) =
{
1 if l|i,
0 otherwise,
for i ≥ 0.
Lemma 4.5 implies the following result.
Corollary 4.6. For l ≥ 1 and m,n ≥ 0, we have
dl(x
(n)
m,m) = ⌊
n
l
⌋+ dl(αm,n).
Lemmas 4.1 and 4.5 imply the following result.
Corollary 4.7. For l ≥ 1 and m,n ≥ 0, we have
dl(αm,n) = ⌊
2m+ 1
l
⌋ − ⌊
2n+ 1
l
⌋+ dl(αn,m).
In view of Corollaries 4.6 and 4.7, in what follows, we study dl(αm,n) for 0 ≤ m ≤ n.
With respect to Φ˜1, we have the following result.
Proposition 4.8. For 0 ≤ m ≤ n ≤ 2m, we have d1(αm,n) = 0.
We prove Proposition 4.8 by using the following lemma.
Lemma 4.9. For 0 ≤ j ≤ m, we have
αm,2m−j |q1/2=1 = 4
j
(
m
j
)
.
Proof of Proposition 4.8 assuming Lemma 4.9. By Lemma 4.9, for 0 ≤ m ≤ n ≤ 2m,
we have αm,n 6= 0 and αm,n|q1/2=1 6= 0, which implies d1(αm,n) = 0.
Proof of Lemma 4.9. Set α˜m,j = αm,2m−j |q1/2=1. It is enough to prove
jα˜m,j − 4(m− j + 1)α˜m,j−1 = 0, (6)
which implies
α˜m,j = 4
(m− j + 1)
j
α˜m,j−1
= · · · = 4j
(m− j + 1)(m− j + 2) · · · (m)
j(j − 1) · · · 1
α˜m,0 = 4
j
(
m
j
)
,
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where α˜m,0 = 1 by Proposition 4.3 (ii).
We prove (6). Note that
α˜m,j = αm,2m−j|q1/2=1 =
⌊m− 2m−j
2
⌋∑
k=0
F (m, 2m− j, k) =
⌊ j
2
⌋∑
k=0
F˜ (m, j, k),
with
F (m,n, k) = (−1)k
(
2m+ 1
k
)(
2m+ n− 2k + 1
2n+ 1
)
,
F˜ (m, j, k) = F (m, 2m− j, k).
If we can find G(m, j, k) ∈ Q for 0 ≤ k ≤ ⌊ j2⌋+ 1 such that
jF˜ (m, j, k)− 4(m− j + 1)F˜ (m, j − 1, k) = G(m, j, k + 1)−G(m, j, k) (7)
and
G(m, j, 0) = G(m, j, ⌊
j
2
⌋+ 1) = 0, (8)
then (6) follows from
jα˜m,j − 4(m− j + 1)α˜m,j−1 = G(m, j, ⌊
j
2
⌋+ 1)−G(m, j, 0) = 0.
Actually we can find such G(m, j, k) by using Zeilberger’s algorithm [17] as follows.
G(m, j, k) =
{
− 2k(2k−4m+j−3)(2k−4m+j−2)(4m−2j+2)(4m−2j+3) F˜ (m, j, k) for 1 ≤ k ≤ ⌊
j
2⌋,
0 for k = 0, ⌊ j2⌋+ 1.
We can check (7) and (8) by straightforward calculations. Hence we have the assertion.
See Table 1 for the behavior of d1(αm,n), where we color the boxes gray for 0 ≤ n < m
and the blanks mean αm,n = 0.
For l ≥ 2, we can compute dl(αm,n) for small m,n ≥ 0 though we do not have a
general result. See Table 2–5 for dl(αm,n) for l = 2, . . . , 5.
We have the following conjecture, which enables us to compute dl(αm,n) for general
m,n ≥ 0 by using explicit computations of dl(αm,n) for small m,n ≥ 0.
Conjecture 4.10. For l ≥ 1, in the range 0 ≤ m ≤ n ≤ 2m, dl(αm,n) is periodic with
period l both in m and in n, i.e., for m ≡ m˜ (mod l), and n ≡ n˜ (mod l), we have
dl(αm,n) = dl(αm˜,n˜).
We also have the following conjecture.
Conjecture 4.11. For a prime l ≥ 1 and 0 ≤ m ≤ n ≤ 2m, we have dl(αm,n) ∈ {0, 1}.
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m \ n 0 1 2 3 4 5 6 7 8 9 10
0 0
1 0 0
2 2 0 0 0
3 2 0 0 0 0
4 4 2 0 0 0 0 0
5 4 2 0 0 0 0 0 0
6 6 4 2 0 0 0 0 0
7 6 4 2 0 0 0 0
8 8 6 4 2 0 0 0
Table 1: d1(αm,n)
m \ n 0 1 2 3 4 5 6 7 8 9 10
0 0
1 1 0
2 1 0 1 0
3 2 1 0 1 0
4 2 1 0 1 0 1 0
5 3 2 1 0 1 0 1 0
6 3 2 1 0 1 0 1 0
7 4 3 2 1 0 1 0
8 4 3 2 1 0 1 0
Table 2: d2(αm,n)
m \ n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
0 0
1 0 0
2 0 0 0 0
3 1 0 1 1 0
4 2 2 0 0 1 0 0
5 2 0 0 0 0 0 0 0
6 2 2 1 0 1 1 0 1 1 0
7 2 2 2 0 0 1 0 0 1 0
8 2 2 2 0 0 0 0 0 0 0
Table 3: d3(αm,n)
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m \ n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0 0
1 1 0
2 1 0 1 0
3 1 1 0 1 0
4 1 1 0 2 1 1 0
5 2 2 1 0 2 1 1 0
6 2 2 1 0 1 0 1 0 1 0
7 2 3 1 1 0 1 0 1 0 1 0
8 2 3 1 1 0 2 1 1 0 2 1 1
Table 4: d4(αm,n)
m \ n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0 0
1 0 0
2 1 0 0 0
3 0 0 0 0 0
4 0 0 0 0 0 0 0
5 1 1 0 1 1 1 1 0
6 1 1 1 0 0 1 1 1 0 0
7 2 2 1 0 0 0 1 1 0 0 0
8 2 2 2 0 0 0 0 0 0 0 0 0
9 2 2 0 0 0 0 0 0 0 0 0
10 2 3 2 1 1 0 1 1 1 1 0
Table 5: d5(αm,n)
14
H =
Figure 3: The Hopf link H
. . .An =
Figure 4: Milnor’s link An
5 Colored Jones polynomial of Milnor’s link
In this section, we give examples of computations of the reduced colored Jones polyno-
mials of Milnor’s link.
For n ≥ 3, let An be the n-component Milnor’s link depicted in Figure 4. Let A2 = H
be the Hopf link depicted in Figure 3. Note that A3 = B is the Borromean rings, and
An = B(An−1; 1) for n ≥ 3.
We use the following result.
Lemma 5.1 (Habiro [12, Corollary 14.2]). For i, j, k ≥ 0, we have
JB;P ′i ,P ′j ,P ′k =
{
(−1)i{2i+ 1}i+1/{1} if i = j = k,
0 otherwise.
By Theorem 3.2 and Lemma 5.1, we can compute the reduced colored Jones poly-
nomial of An as follows.
Proposition 5.2. For n ≥ 3, we have
JAn;P ′l1 ,...,P
′
ln
= δl1,l2δln−1,lnx
(l3)
l2,l2
x
(l4)
l3,l3
· · ·x
(ln−1)
ln−2,ln−2
JB;P ′
ln−1
,P ′
ln−1
,P ′
ln−1
= δl1,l2δln−1,lnx
(l3)
l2,l2
x
(l4)
l3,l3
· · ·x
(ln−1)
ln−2,ln−2
(−1)ln−1{2ln−1 + 1}ln−1+1/{1}.
Proof. We use induction on n. For n = 3, by Lemma 5.1, we have
JB;P ′
l1
,P ′
l2
,P ′
l3
= δl1,l2δl2,l3JB;P ′l2 ,P
′
l2
,P ′
l2
.
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For n > 3, by the assumption of induction, we have
JAn;P ′l1 ,...,P
′
ln
=
∑
k1≥0
x
(k1)
l1,l2
JAn−1;P ′k1 ,P
′
l3
,...,P ′
ln
= δl1,l2
∑
k1≥0
x
(k1)
l2,l2
JAn−1;P ′k1 ,P
′
l3
,...,P ′ln
= δl1,l2
∑
k1≥0
x
(k1)
l2,l2
δk1,l3δln−1,lnx
(l4)
l3,l3
x
(l5)
l4,l4
· · ·x
(ln−1)
ln−2,ln−2
JA;P ′
ln−1
,P ′
ln−1
,P ′
ln−1
= δl1,l2δln−1,lnx
(l3)
l1,l2
x
(l4)
l3,l3
x
(l5)
l4,l4
· · ·x
(ln−1)
ln−2,ln−2
JA;P ′ln−1 ,P
′
ln−1
,P ′ln−1
.
Thus we have the assertion.
We have the following corollaries.
Corollary 5.3. For n ≥ 3, we have
JAn;P ′1,...,P ′1 = (−1)
nΦ˜n−21 Φ˜
n−2
2 Φ˜3Φ˜
n−3
4 .
Proof. The assertion follows from Proposition 5.2 and
x
(1)
1,1 = −{4} = −Φ˜4Φ˜2Φ˜1 (9)
and
JB;P ′
1
,P ′
1
,P ′
1
= −{3}2/{1} = −Φ˜3Φ˜2Φ˜1. (10)
Corollary 5.4. (i) For n ≥ 3 and l1, . . . , ln ≥ 0, unless l1 = l2, ln−1 = ln and unless
1
2 ≤
li+1
li
≤ 2 for 2 ≤ i ≤ n− 2, we have JAn;P ′l1 ,...,P
′
ln
= 0.
(ii) For a0 ≥ 0 and ai = 2ai−1 for i = 1, . . . , n− 3, we have
JAn;P ′a0 ,P
′
a0
,P ′a1 ,...,P
′
an−4
,P ′an−3
,P ′an−3
=
( n−3∏
m=1
(−1)am{2am}!
)(
(−1)an−3{2an−3 + 1}an−3+1/{1}
)
.
(iii) For b0 ≥ 0 and bi = 2bi−1 − 1 for i = 1, . . . , n − 3 (i.e., bi = 2
ib0 −
i(i+1)(2i+1)
6 )
we have
JAn;P ′b0 ,P
′
b0
,P ′b1
,...,P ′bn−4
,P ′bn−3
,P ′bn−3
=
( n−3∏
m=1
(−1)bm{2bm − 1}!{4bm}/{1}
)(
(−1)bn−3{2bn−3 + 1}bn−3+1/{1}
)
.
Proof. The assertions (i), (ii) and (iii) follow from Corollary 4.4 (i), (ii) and (iii), re-
spectively, and Proposition 5.2.
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6 Proofs
In this section, we prove Theorems 3.2, 6.5, and Proposition 3.8.
6.1 Proof of Theorem 3.2
We prove Theorem 3.2. We also prove Lemma 4.1 at the end of this section.
In [12], Habiro defined the element
Sn =
n∏
i=1
(V2 − (q
i + 1 + q−i)) ∈ R,
for n ≥ 0, which is a kind of dual of P ′n with respect to the symmetric bilinear form
JH;−,− : R×R → Q(q
1/2) as follows.
Lemma 6.1 (Habiro [12, Proposition 6.6]). For m,n ≥ 0, we have
JH;P ′m,Sn = δm,n{2m+ 1}2m/{m}!.
Recall the element αm,n = αm,n(q
1/2) ∈ Z[q1/2, q−1/2] defined in Theorem 3.2 (ii).
We reduce Theorem 3.2 to the following proposition.
Proposition 6.2. For l ≥ 0, we have
Sl =
∑
m≥0
αl,m{m}!P
′
m.
Proof of Theorem 3.2 assuming Proposition 6.2. By Proposition 6.2 and Lemma 5.1, we
have
JB;P ′i ,P ′j ,Sl =
∑
m≥0
αl,m{m}!JB;P ′i ,P ′j ,P ′m
= δi,jαl,i{i}!(−1)
i{2i+ 1}i+1/{1}
= δi,jαl,i(−1)
i{2i+ 1}!/{1}.
On the other hand, since B = B(H ; 1), we have
JA;P ′i ,P ′j ,Sl = JB(H;1);P ′i ,P ′j ,Sl
=
∑
k≥0
x
(k)
i,j JH;P ′k ,Sl
= x
(l)
i,j{2l+ 1}2l/{l}!.
Here, the last identity follows from Lemma 6.1.
Consequently, we have
x
(l)
i,j = δi,j(−1)
i {2i+ 1}!{l}!
{2l+ 1}!
αl,i,
which completes the proof.
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In what follows, we prove Proposition 6.2. We use two more lemmas as follows.
Lemma 6.3. For l ≥ 0, we have
Sl =
l∑
k=0
(−1)k
[
2l+ 1
k
]
V2l−2k.
Proof. We use an induction on l. For m = 0, 1, we have
S0 = 1,
S1 = (V2 − (q + 1 + q
−1)) = V2 − [3].
For m ≥ 2, we have
Sm =Sm−1(V2 − (q
m + 1 + q−m))
=
m−1∑
k=0
(−1)k
[
2m− 1
k
]
V2m−2k−2(V2 − (q
m + 1 + q−m))
=
m−2∑
k=0
(−1)k
[
2m− 1
k
]
(V2m−2k + V2m−2k−2 + V2m−2k−4 − (q
m + 1 + q−m)V2m−2k−2)
+ (−1)m−1
[
2m− 1
m− 1
]
(V2 − (q
m + 1 + q−m))
=
m−2∑
k=0
(−1)k
[
2m− 1
k
]
(V2m−2k − (q
m + q−m)V2m−2k−2 + V2m−2k−4)
+ (−1)m−1
[
2m− 1
m− 1
]
(V2 − (q
m + 1 + q−m))
=V2m − (q
m + q−m)V2m−2 − [2m− 1]V2m−2
+
m−1∑
k=2
(
(−1)k−2
[
2m− 1
k − 2
]
− (−1)k−1
[
2m− 1
k − 1
]
(qm + q−m) + (−1)k
[
2m− 1
k
] )
V2m−2k
+ (−1)m−2
[
2m− 1
m− 2
]
− (−1)m−1
[
2m− 1
m− 1
]
(qm + 1 + q−m)
=
m∑
k=1
(−1)k
[
2m+ 1
k
]
V2m−2k.
The following lemma is observed in the proof of [12, Proposition 6.6].
Lemma 6.4 (Habiro [12]). For m,n ≥ 0, we have
JH;Vm,Sn = {m+ n+ 1}2n+1/{1}.
Now, we prove Proposition 6.2.
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Proof of Proposition 6.2. For m,n ≥ 0, we have
JH;Sm,Sn =
∑
l≥0
αm,l{l}!JH;P ′l ,Sn
= αm,n{n}!({2n+ 1}2n/{n}!)
= αm,n{2n+ 1}2n.
(11)
Hence we have
αm,n = JH;Sm,Sn/{2n+ 1}2n
=
m∑
k=1
(−1)k
[
2m+ 1
k
]
JH;V2m−2k,Sn/{2n+ 1}2n
=
m∑
k=1
(−1)k
[
2m+ 1
k
]
{2m+ n− 2k + 1}2n+1/{2n+ 1}!
=
m∑
k=1
(−1)k
[
2m+ 1
k
] [
2m+ n− 2k + 1
2n+ 1
]
,
where the second identity follows from Lemma 6.3 and the third identity follows from
Lemma 6.4. Hence we have the assertion.
We prove Lemma 4.1.
Proof of Lemma 4.1. By (11) and symmetric property of JH;Sm,Sn , we have
JH;Sm,Sn = αm,n{2n+ 1}2n
= αn,m{2m+ 1}2m
for m,n ≥ 0. Thus we have
αm,n =
{2m+ 1}2m
{2n+ 1}2n
αn,m
=
{2m+ 1}!
{2n+ 1}!
αn,m.
Hence we have the assertion.
6.2 Proof of Theorem 3.4
We reduce Theorem 3.4 to Proposition 6.5 as follows.
Proposition 6.5. Let L = L1 ∪ · · · ∪ Ln be an algebraically-split, 0-framed link in S
3
and set Lˇ = L2 ∪ L3 ∪ · · · ∪ Ln. For ǫ, ǫ
′, ǫ2, . . . , ǫn ∈ {±1}, we have
JS3(B(L;1);ǫ,ǫ′,ǫ2,...,ǫn) − JS3(Lˇ;ǫ2,...,ǫn) ∈ Φ
2
1Φ
2
2Φ3Φ4Φ6Ẑ[q].
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Proof of Theorem 3.4 assuming Proposition 6.5. Let M and M ′ be integral homology
spheres related by a special Bing double surgery, i.e.,M ′ is orientation-preserving home-
omorphic toM(B(K); ǫ, ǫ′) for a 0-framed knotK and ǫ, ǫ′ ∈ {±1}. Let T = T1∪· · ·∪Tn
be an algebraically split link in S3 such that S3(T ; ǫ1, . . . , ǫn), ǫ1, . . . , ǫn ∈ {±1}, is
orientation-preserving homeomorphic to M . Here, by isotopy of K in M , we can as-
sume that K is null-homologous in M \N , where N is the union of solid tori on which
the surgery operation along T was done. Now, K may be regarded as a 0-framed knot
in S3 \ T . Set L = K ∪ T . By Proposition 6.5, we have
JM(B(K);ǫ,ǫ′) − JM = JS3(B(L;1);ǫ,ǫ′,ǫ1,...,ǫn) − JS3(Lˇ=T ;ǫ1,...,ǫn)
∈ Φ21Φ
2
2Φ3Φ4Φ6Ẑ[q].
Hence we have the assertion.
We prove Proposition 6.5. We use the following lemma.
Lemma 6.6 (Habiro [12, Theorem 8.2]). Let L be an n-component, algebraically-split
link with 0-framing. For l1, . . . , ln ≥ 0, we have
JL;P ′l1 ,...,P
′
ln
∈
{2lj + 1}lj+1
{1}
Z[q1/2, q−1/2],
where j is an integer such that lj = max{li}1≤i≤n.
Proof of Proposition 6.5. Let L be an n-component, algebraically-split link with 0-
framing. By the definition, we have
JS3(B(L;1);ǫ,ǫ′,ǫ2,...,ǫn) = JB(L;1);ω−ǫ,ω−ǫ′ ,ω−ǫ2 ,...,ω−ǫn
=
∑
i≥0
∑
j≥0
(−ǫ)i(−ǫ′)jq−ǫi(i+3)/4−ǫ
′j(j+3)/4JB(L;1);P ′i ,P ′j ,ω−ǫ2 ,...,ω−ǫn .
By Lemma 3.1 and Theorem 3.2, we have
JB(L;1);P ′i ,P ′j ,ω−ǫ2 ,...,ω−ǫn = δi,j
∑
l≥0
x
(l)
i,iJL;P ′l ,ω−ǫ2 ,...,ω−ǫn ,
thus we have∑
i≥0
∑
j≥0
(−ǫ)i(−ǫ′)jq−ǫi(i+3)/4−ǫ
′j(j+3)/4JB(L;1);P ′i ,P ′j ,ω−ǫ2 ,...,ω−ǫn
=
∑
i≥0
(ǫǫ′)iq−(ǫ+ǫ
′)i(i+3)/4
∑
l≥0
x
(l)
i,iJK;P ′l ,ω−ǫ2 ,...,ω−ǫn
=
∑
l≥0
(∑
i≥0
(ǫǫ′)iq−(ǫ+ǫ
′)i(i+3)/4x
(l)
i,i
)
JL;P ′l ,ω−ǫ2 ,...,ω−ǫn
= 1 +
∑
l≥1
(∑
i≥0
(ǫǫ′)iq−(ǫ+ǫ
′)i(i+3)/4x
(l)
i,i
)
JL;P ′l ,ω−ǫ2 ,...,ω−ǫn .
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For l ≥ 1, set
s
(ǫ,ǫ′)
l =
∑
i≥0
(ǫǫ′)iq−(ǫ+ǫ
′)i(i+3)/4x
(l)
i,i
=
2l∑
i≥⌈l/2⌉
(ǫǫ′)iq−(ǫ+ǫ
′)i(i+3)/4x
(l)
i,i ,
where the second identity follows from Corollary 4.4 (i). It is enough to prove
s
(ǫ,ǫ′)
l JL;P ′l ,P ′l2 ,...,P
′
ln
∈ Φ˜21Φ˜
2
2Φ˜3Φ˜4Φ˜6Z[q
1/2, q−1/2],
for l ≥ 1 and l2, . . . , ln ≥ 0.
By Lemma 6.6, we have
JL;P ′
1
,P ′
l2
,...,P ′
ln
∈
{3}2
{1}
Z[q1/2, q−1/2] ⊂ Φ˜1Φ˜2Φ˜3Z[q
1/2, q−1/2],
JL;P ′
2
,P ′l2
,...,P ′ln
∈
{5}3
{1}
Z[q1/2, q−1/2] ⊂ Φ˜21Φ˜2Φ˜3Φ˜4Φ˜5Z[q
1/2, q−1/2],
and for l ≥ 3, we have
JL;P ′
l
,P ′
l2
,...,P ′
ln
∈
{2l+ 1}l+1
{1}
Z[q, q−1]
⊂ Φ˜21Φ˜
2
2Φ˜3Φ˜4Φ˜6Z[q
1/2, q−1/2].
Thus we have only to prove
s
(ǫ,ǫ′)
1 ∈ Φ˜1Φ˜2Φ˜4Φ˜6Z[q
1/2, q−1/2], (12)
s
(ǫ,ǫ′)
2 ∈ Φ˜2Φ˜6Z[q
1/2, q−1/2]. (13)
By Corollaries 4.2 and 4.4, we have
x
(1)
1,1 = −{4} = −Φ˜1Φ˜2Φ˜4,
x
(1)
2,2 = (−1)
3 {5}!{1}!
{3}!{2}!
x
(2)
1,1 =
(
(−1)3
{5}!{1}!
{3}!{2}!
)(
− {2}!
)
= Φ˜31Φ˜2Φ˜4Φ˜5,
x
(2)
1,1 = −{2}! = −Φ˜
2
1Φ˜2,
x
(2)
2,2 = Φ˜
2
1Φ˜2(q
−5 + q−4 + 2q−3 + q−2 + 2q−1 + 2 + 2q + q2 + 2q3 + q4 + q5),
x
(3)
2,2 = (−1)
2{3}!{8}/{1}= Φ˜31Φ˜
2
2Φ˜3Φ˜4Φ˜8,
x
(4)
2,2 = {4}! = Φ˜
4
1Φ˜
2
2Φ˜3Φ˜4.
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Thus we have
s
(−1,−1)
1 =
2∑
i=1
qi(i+3)/2x
(1)
i,i
= Φ1Φ2Φ4Φ6 · q(1− q + q
3),
s
(−1,−1)
2 =
4∑
i=1
qi(i+3)/2x
(2)
i,i
= Φ21Φ2Φ3Φ6 · q
5/2(1 + q + q2 + q3 + q4 + q5 + q6 − q13 − q14 − q16 + q21),
s
(1,1)
1 =
2∑
i=1
q−i(i+3)/2x
(1)
i,i
= −Φ1Φ2Φ4Φ6 · q
−10(−1 + q2 + q3),
s
(1,1)
2 =
4∑
i=1
q−i(i+3)/2x
(2)
i,i
= Φ21Φ2Φ3Φ6 · q
−61/2(1 − q2 − q7 − q8 + q15 + q16 + q17 + q18 + q19 + q20 + q21),
s
(−1,1)
1 = s
(1,−1)
1 =
2∑
i=1
(−1)ix
(1)
i,i
= Φ1Φ2Φ4Φ6Φ12 · q
−5,
s
(−1,1)
2 = s
(1,−1)
2 =
4∑
n=1
(−1)nx(2)n,n
= Φ21Φ2Φ6 · q
−33/2(1 + q − q3 − q4 + q5 + 2q6 + q7 − q8 − 2q9 + q10 + 4q11 + 4q12
− 3q14 + 4q16 + 4q17 + q18 − 2q19 − q20 + q21 + 2q22 + q23 − q24 − q25 + q27 + q28).
Hence we have (12) and (13). This completes the proof.
6.3 Proof of Proposition 3.8
To prove Proposition 3.8, we use the following lemma.
Lemma 6.7 (Habiro[12, Proposition 14.5]). For i, j, k ∈ Z, we have
JMi,j,k =
∑
l≥0
ωi,lωj,lωk,l(−1)
l{2l+ 1}l+1/{1},
where for p ∈ Z and n ≥ 0,
ωp,n =

q
1
4
n(n+3)
∑
i∈S(n,p)
[
n
i
]
q
qf(i) for p ≥ 0,
(−1)nq−
1
4
n(n+3)
∑
i∈S(n,−p)
[
n
i
]
q−1
q−f(i) for p ≤ 0.
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Here for p, n ≥ 0, we set
S(n, p) = {(i1, . . . , ip) | i1, . . . , ip ≥ 0, i1 + · · ·+ ip = n},
and for i = (i1, . . . , ip) ∈ S(n, p), we set[
n
i
]
q
=
[n]q!
[i1]q! · · · [ip]q!
, f(i) =
p−1∑
j=1
(s2j + sj),
where sj =
∑j
k=1 ik and
[m]q =
qm − 1
q − 1
, [m]q! = [m]q[m− 1]q · · · [1]q,
for m ≥ 0.
Proof of Proposition 3.8. By Lemma 6.7 and ωp,0 = 1 for p ∈ Z, we have
JMi,j,k − 1 =
∑
l≥1
ωi,lωj,lωk,l(−1)
l{2l+ 1}l+1/{1}
≡ −ωi,1ωj,1ωk,1Φ˜3Φ˜2Φ˜1 + ωi,2ωj,2ωk,2Φ˜5Φ˜4Φ˜3Φ˜2Φ˜
2
1 (mod Φ˜
2
2)
≡ −q−2ωi,1ωj,1ωk,1Φ3Φ2Φ1 + q
−5− 1
2ωi,2ωj,2ωk,2Φ5Φ4Φ3Φ2Φ
2
1 (modΦ
2
2).
Thus we have
JMi,j,k − 1
Φ2
= −q−2ωi,1ωj,1ωk,1Φ3Φ1 + q
−5− 1
2ωi,2ωj,2ωk,2Φ5Φ4Φ3Φ
2
1 (modΦ2).
For p ≥ 0, we have
ωp,1 = q
2p+1
p∑
t=1
q−2t,
ω−p,1 = −q
−2p−1
p∑
t=1
q2t,
ωp,2 = q
5
2
( p∑
t=1
q6(p−t) + [2]q
∑
1≤s<t≤p
q2(t−s)+6(p−t)
)
,
ω−p,2 = q
− 5
2
( p∑
t=1
q−6(p−t) + [2]q−1
∑
1≤s<t≤p
q−2(t−s)−6(p−t)
)
.
Thus, for p ∈ Z, we have
ωp,1|q=−1 = −p, q
− 1
2ωp,2|q=−1 = p.
Together with
Φ1|q=−1 = −2, Φ3|q=−1 = 1, Φ4|q=−1 = 2, Φ5|q=−1 = 1,
23
we have
−q−2ωi,1ωj,1ωk,1Φ3Φ1|q=−1 = −2ijk,
q−5−
1
2ωi,2ωj,2ωk,2Φ5Φ4Φ3Φ
2
1|q=−1 = 8ijk.
Thus we have
JMi,j,k − 1
Φ2
= −2ijk + 8ijk = 6ijk (modΦ2),
which implies the assertion.
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